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Abstract-A method for obtaining highly accurate approximate solutions of the spectrally integrated, zonal, 
radiative transfer equations for arbitrary enclosures containing a nongray, isothermal gas is developed in this 
paper. The procedure is general enough to be applied to any nongray absorptionemission spectrum but is 
particularly appropriate for band radiation ofmolecular gases. It represents a fundamentally based alternative 

to presently available gray-band or gray-gas procedures. 

INTRODUCTION 

THE ANALYSIS of radiative transfer within diffuse-walled 
enclosures has a long and interesting history. The early 
work of Hottel [l] laid the foundations of a workable 
theory based upon a limited knowledge of gas radiative 
properties. Approximations were devised and applied 
with remarkable success to problems which had 
previously been intractable. The emphasis of this early 
work was upon design procedures for industrial 
furnaces. 

More fundamentally based studies of radiative 
transfer processes in the engineering context began to 
evolve with the work of Bevans and Dunkle [2] and 
somewhat later by that of Edwards [3]. These later 
workers recognized that many problems of practical 
interest could not be adequately solved based solely 
upon knowledge of isothermal gas emissivities and 
absorptivities. They relied instead upon the more 
fundamental band-absorption properties of gases, 
which preserved some essential spectral detail and 
whose empirical representation had begun to appear 
with the experimental work of Howard et al. [4] and 
Edwards [S]. The work of Bevans and Dunkle [2] and 
its later clarification by Edwards [3], however, relied 
heavily upon the network method developed by 
Oppenheim [6] and the gray-band concept of an 
effective band width. 

In a recent survey of nongray radiative transfer from 
gases, Edwards [7] proposed some generalized rules for 
evaluating the effective band width or its equivalent but 
these are largely the product of intuition and are not 
directly derived from fundamental principles. 

For some problems of interest the approach of 
Bevans-Dunkle-Edwards (BDE) is superior to that of 
Hottel but thelatter is ofgreater generality sinceit is not 
restricted to the isothermal gas assumption. The BDE 
method, however, treats nongray gas radiation 
properties more rigorously than that of Hottel, the later 
of which is a modified gray-band model and con- 
sequently has many of its well-known shortcomings. 

The purpose of this present paper is to develop a 
band-radiation method of general applicability for 

enclosures of arbitrary geometry with a minimum of 
special assumptions. 

Hottel’s zone method [l, 81 is familiar to the 

specialist and nonspecialist alike and also is a 
convenient framework for the more general nongray 
methodology which will be developed in this paper. 

In an earlier work [9] a closure method was devised 

and applied to very simple problems. The same basic 
approach will be applied herein to the general enclosure 
of fundamental engineering interest. 

In this development it is not a variation of the zone 

method which is discussed but rather the way in which 
nongray radiation is treated within the context of the 
zone method. 

ANALYSIS 

When an enclosure is idealized through the assump- 

tion of an isothermal gas, the basic transfer relations 
for the volumetric cooling rate of the gas and the total 
radiosity for a surface can be somewhat simplified. 

The general, band-radiation zone equations were 

given in ref. [9] and when one makes use of equivalence 
relations between exchange factors they are con- 
veniently written for an isothermal gas as follows 
(Appendix) : 

Gas cooling rate 

aiokSukitCEkb(Tg)-R~~l ; (1) 

total surface radiosity 

Rz = &G'i)+~t ; 5 wk S%ti [Ed Tg) - @)I 
k=l i=l 

+Pt i FttRi (2) 
i=l 

for a known surface temperature, 7; or 

R, = 4:+ c 5 WkSUkti[Ekb(q)-Rfl]+ 2 F,,Ri (3) 
k=l i=l i=l 

if q: is given, either directly or through a surface energy 
balance. 
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NOMENCLATURE 

A(x) band absorption function of argument x 
a surface area 
E radiative emissive power 
F surface-to-surface shape factor 
H radiative surface irradiation 
N index for the maximum number of 

surfaces 

4’ radiative heat flux at a surface 
Q*’ gas radiative cooling rate 
Y linear distance, generally between two 

points in space 

R surface radiosity 

S gas transmissivity between surfaces 
Sa gas absorption function between surfaces 

T temperature 

U dimensionless mean beam length. 

Greek symbols 
aij Kronecker delta function 

& surface emissivity 
0 angle measured from a surface normal 
V radiation wavenumber 

P surface reflectivity 
(i Stefan-Boltzmann constant 
r optical depth 

* equation (28) and following text 
0 band-width parameter. 

Subscripts 
b black body 

gas phase 
& specific gas absorption band 
V spectral quantity 
all others generally refer to a surface zone. 

Superscripts 
all refer to surface zones or if(g) to the gas 

zone. 

The band radiosity function R&’ is defined by [9] with 

Sa,,i Rfl = Savti R,, 2. 
wk 

Band radiosity equation 
The spectral radiosity equation for a general 

enclosure containing an isothermal gas is 

(4) 

+Pi t SvijCRvj-EvAT,)l. (5) 
j=1 

The procedure illustrated above could be continued 
indefinitely and in the process one would generate an 
infinite series solution for Rfi by back substitution of 
each higher-order equation into the next lower order. 
The structure of that solution is of interest and is 

S$ = f 

outlined in the following. 

Sa,,, $jj s 
Savti S,,S,,, dv (10) 

AVk Ok 

and an obvious definition of RfL’. 

Multiplication of equation (5) by Savti dv/w, and 
integration over Av, gives 

RE’-E~ILT~) = siCEkb(T) - Ek&TJI 

+Pi i Sfij[Rfj’-Ek,(T,)] (6) 
j=l 

where 

& S(‘!.R(?) = 
krl kaJ kJ s Sa .S ..R .dv 

Yfl “,J “J 

AVk wk 

and 

(7) 

gj = 1 s Sakti Auk 

Sa,,i S,, *. (8) 
wk 

From equations (5) and (7) one can find by the same 
procedure that 

R!$‘-Ek&7J = Ej[Ekb(~)-Ekb(Tg)I 

+pj 2 S$,[Rf;‘-Ek,(Tg)] (9) 
Ill=1 

Structure of the exact solution. One will obtain the 
exact solutions for the band radiosities by back 
substitution of higher-order into lower-order equ- 
ations. An expansion to three explicit terms yields 

RL’-Ek&TJ = QCEkdT)-EkdTJI 

+Pi 5 S~~j&jCEkb(7;.)-Ekb(Tg)I 
j=l 

+Pi 5 F pjS~~jS~~~&,E,CEkb(Tm)-Ekc,(Tg)I 
j=l m=l 

+pi ; 2 i: pjpms~~js~$J~;; 
j=l m=l n=l 

x [Ri;j’*) - E,,( TJ]. (11) 

The physical interpretation of these terms is easy. 
The first is simply the emission component of the 
radiosity, the second represents radiation which has 
been received directly and is then reflected, the third 
accounts for radiation received after having undergone 
one reflection prior to reflection from surface, i, the last 
term takes into account radiation which has been 
reflected two or more times prior to incidence on 
surface, i. The last term is clearly not explicit and can 



Band radiation of isothermal gases within diffuse-walled enclosures 1761 

only be made so by continuing the term-by-term 
expansion. The end result is an infinite series solution 

which describes all possible combinations of multiple 

reflections term by term. 
For nongray radiation this form of expansion 

appears essential to obtain an exact solution, because, 
as indicated by superscripting, the spectrally integrated 
transmission of a band is history dependent. 

Only for spectral or gray-band radiation is it possible 
to ignore prior history, which amounts in this 
formalism to dropping superscripts. 

Although the infinite series solution has a number of 
valuable uses it hardly fills the need for a practical 
method ofenclosure analysis which could be applied on 
a routine basis. To achieve such an objective an 
approximate procedure is described in the following. 

A closure approximation. Approximate solutions of 

the band radiosity equations were obtained in ref. [9] 
for a particularly simple example problem. Closure was 
obtained by simply deleting a superscript from the 
band-radiosity functions of higher order appearing in 
any given band-radiosity equation. Because only one 
surface zone was considered there was no difficulty in 
selecting a superscript to be deleted. 

When multiple surface zones are involved a band- 
radiosity equation of arbitrary order can be written for 
an isothermal gas as 

Rfr...sr) - E,,( <) = Ei[E,,( 7;) - E,,( T,)] 

+pi ; S~~~...Sf)[R~~...Sf)_Ekb(Tg)]. (12) 
j=l 

This equation is not closed because the band- 
radiosity function on the right is of higher order than 

that on the left. 
It is not possible to arbitrarily select aclosuremethod 

without the possibility of encountering difficulties 
which are not easily resolved in a satisfactory way. It 
has been found that the only closure method which is 
free of fundamental problems is to put 

f$i!mn...st) N R(i!mn...s) 
b - kJ (13) 

so that equation (12) becomes, in the closure approxi- 
mation 

R~f~~~.s’) - E,,( 7J = ei[Ekb( T) - I?,,( ZJ] 

+ pi ; Sfr...st)[R@‘“...s) - E,,( T,)]. (14) 
j=l 

This equation is closed because the band-radiosity 
functions are all of the same order. A separate equation 
holds for each possible combination of the superscripts 
but some of these are physically irrelevant, as discussed 
below. 

When dealing with band radiosities one must be 
concerned with physically meaningful radiosity 
functions. The sequence of subscript/superscripts 
physically represents the path followed by the radiation 
contributing to the radiosity function of interest. Some 

paths will be physically unacceptable and these need to 

be recognized at the outset so they can be excluded from 

the system of band-radiosity equations. 
Unacceptable paths always involve the transfer of 

radiation from a surface to another part of itself or to 
another surface which is shielded by an intervening 
object. The second possibility is excluded from 
consideration at this time. The first is possible only if the 
considered surface is concave, thus in general the 
unacceptable paths of interest will always involve a 
convex surface which cannot receive radiation from 
itself. A typical unacceptable path would be 
represented by a radiosity function of the form Rfrm...st) 
where surface, m, is convex. The repeated superscript 
could occur anywhere within the superscript sequence. 
Another unacceptable form would be Rtrmn.“) with, i, 
convex. These physically meaningless radiosity 
functions must be excluded from the basic system of 

relevant radiosity equations. The exclusion can be 
direct or indirect. The mechanism for the indirect 
approach might be simpler and will be discussed further 
on. 

That equation (13) is the only fundamentally 
acceptable closure assumption can be explained as 
follows. Suppose that instead of equation (13) one puts 
R&“‘“...sr) x R&!““~~.sr) then the resultant form of 

equation (12) is actually simpler than equation (14) 
because of a lack of superscript coupling, namely, 
equations with different superscript sequences are 
independent ofone another. Unfortunately, the inverse 
matrix coefficients will always contain one row with 
elements containing transmissivities of the form 
Sf$“...“) in which an interior member of the sequence 
(jiimn . . . st) is repeated. When this happens the band 
transmissivity for a convex surface, i, is formally 

indeterminant, being O/O. There apparently is no 
fundamental way of removing this difficulty and 
although ad-hoc plausibility arguments can be devised 
to deal with the problem, an otherwise fundamentally 
based methodology becomes linked to an essentially 
arbitrary rule for assigning values to indeterminant 
quantities. Furthermore, one cannot choose a value of 
zero because that is inconsistent with a gray-band 
model and leads to a complete neglect of a number of 
multiple reflections. In the case of a planar medium all 

multiply reflected radiation is neglected. Closure rule 
(13) is the only one free of these problems. 

Equation (13) is mathematically motivated and 
without a clear physical interpretation of its own, 
however, the result of this approximation does have a 
clear physical interpretation and is discussed later. 

Theclosuremethod is very powerful and the best way 
to illustrate this is through problems that can be 
analytically solved. Consequently, only low-order 
solutions for two-surface-zone enclosures will be quanti- 
tatively considered. More complex, multisurfaced 
enclosures will, however, be fully discussed. 

Structure of the approximate solution. An infinite 
series solution for equation (14) for any given order of 
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closure can be constructed in exactly the same way as 
was done for the exact formulation. The physical 
meaning of the closure approximation then becomes 
quite clear. 

In the exact expansion one finds that radiation which 
has been reflected II times is attenuated by a product of 
band transmissivities which vary in order from 1 to n. In 
a first-order closure one finds instead a product of n 
first-order band transmissivities ; at second order the 
transmissivity product consists of a first order followed 
by (n - 1) of second order ; at third order one gets a first 
order, a second order and (n - 2) ofthird and so on up to 
any order desired less than or equal to n. Consequently, 
a closure approximation of order n treats up to n 
reflections exactly and approximates all higher-order 
reflections by attenuating them with band trans- 
missivities of order n. 

The great advantage of the closure method is that one 
does not have to carry out a series expansion, as must be 
done to obtain an exact result. Rather, the closed-band- 
radiosity equations of a given order can be solved by 
matrix inversion or other procedures, such as Gaussian 
elimination, with all the usual computational benefits. 

Moreover, it will be shown herein, as it was elsewhere 
[9], that relatively low order approximations are nearly 
always completely satisfactory, but before discussing 
specific examples the evaluation of the surface total 
heat flux or temperature is discussed. 

Evaluation of radiative J~UX or surface temperature. 
When the band radiosities are determined the total 
radiosity can be found from equation (2). This makes 
it possible to find either the total surface heat flux, 
when the temperature is prescribed, or the surface 
temperature, when the total heat flux is given. When the 
heat flux is sought it is found from 

or 

where 

q: = E,(7;)--H,; at = 0 (16) 

H, = $ : %S+i[Eks(TJ-R#] + 5 F,iR, (17) 
k=l i=l i=l 

is the total surface irradiation. 
When the heat flux is given, equation (15) is simply 

rearranged, using E,(T) = oT4, to give 

7; = ; (R, + p,q:le,) 
1 

114 

; Pt#l. (18) 

If by chance, p, = 1, the surface temperature cannot be 
found from the radiative transfer analysis alone. 

There are other interesting variants of equation (19) 
related specifically to problems studied in earlier works. 
If one puts &I = 1 then the problem considered by 
Edwards [3] results. It is of interest because Edwards 
was the first to consider, in detail, the exact solution for 
a planar reflecting enclosure containing a band 
absorbing medium. Furthermore, if one also puts 
;ls,;ti then a special case of one adiabatic wall also 

Equation (18) for the surface temperature can only The most generally interesting case occurs when 
give an iterated value since when solving the band- q2 = 0 since this is the simplest model of many indus- 
radiosity equations only prescribed surface tempera- trial furnace designs, as pointed out by Hottel and 
tures can be used. This is because no physical principle Sarofim [lo] and Hottel [ll]. The temperature of 

can prescribe band radiative fluxes from a knowledge of 
total flux alone. Estimated surface temperatures, 
however, are only used when solving for band 
radiosities whereas any given total flux should always 
be used in the total radiosity equations. This is expected 
to speed convergence of the overall solution. 

The planar medium 
The planar medium eliminates all unnecessary 

complications while at the same time allowing two 
distinct surface zones to be defined. Cylindrical annuli 
or spherical shells also have this later property but 
introduce geometric complexity. 

Solving the system of equations for the radiative flux, 
the total radiosity and the band radiosities yields for the 
flux at surface 1 the first-order relation 

q; - &l&2 
l--PIP, 

C&VA-EdM- f WkSak12 
k=l 

1 +PlP2m 
X [Ekb(?)-Ekd%)l 1 _-p 

1 
p2s~;~lss’2~ 

LIZ 

+&I i: WkSakizCE,,(T,)-E,,(T~l 
k=l 

(1% 

and where the relation for q; is simply obtained by 
exchanging all (1,2) indices to (2,l). It might be noted 
that only the sign of the first two terms is affected but 
that the last term might change significantly in 
magnitude. The physical interpretation of the above 
equation is difficult simply because the mathematical 
manipulations frequently arrange terms in a way which 
is not easy to interpret. The form of this equation has 
required algebraic manipulations of the basic results 
using obvious symmetry relations. 

Equation (19) can be reduced to that found in an 
earlier paper [9] by putting ei = Ed, T, = T,, using 
symmetry to put Si:‘i = gk:j2 and noting that l- 
[P$$,]~ = [ 1 + pSitJ2] [ 1 - PS@~]. This reduction is 
significant because the present results have been 
obtained by solving the surface radiosity equations 
while the former were obtained by solving for the gas 
cooling rate. 
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surface 2 must then be found by iteration from 

J%.(G)--E,(T,) = ; w~Sa,,,CElrb(TZ)-E~b(~)l 
k=l 

1+ PlP2SiYl 
x 1 -PlP2a:‘lsi:‘l 

l-PlP2 K 
El 

c 
k=l 

with the flux at surface 1 given by equation (19). 
An interesting case occurs if s1 = 1 for then 

JUT,) = U”r)+ 2 WkSak12CEkb(Tg)-Ekb(T~)l (21) 
k=l 

which requires no iterations. The flux for this case is 
given by 

K 

4; = sz c wk s”k, 2 [EkdT,) - Ek,(TJI 
k=l 

+ i okSak,2[Ekb(~)-Ekb(Tg)l[1+P2S::‘11. (22) 
k=l 

When surface 2 as well as surface 1 is black one has 
the completely black wall enclosure with one adiabatic 
wall for which the flux is given by 

4’1 = ? wkSak,2[Ek,(T,)+Ek,(T,)-2Ek,(T,)l. (23) 
k=l 

If, however, surface 2 is perfectly reflecting while 
surface 1 is black then 

4; = $ WkSak,2[Ek,(T,)-Ek,(~)lC1 +@hl (24) 
k=l 

which is frequently considerably different from the 
previous result, especially at large optical depth, as 
shown in Table 1 for a fixed gas temperature. The 
physical reasons for the difference should be clear. 

Equation (19) has been solved to first through fourth 
order for a wide combination of p1 and p2 and for the 
special case ofequal wall temperatures. These solutions 
correspond to a three-zonecounterpart ofthe two-zone 
example worked out in ref. [9]. The results, which are 
too numerous to give here, confirm the conclusion 
drawn from the earlier work, namely, first-order 
solutions are nearly always completely acceptable. As 

Table 1. Heat transfer from a planar medium with one 
adiabatic wall 

Heat transfer ratio? 
Optical depth P2 = 0 P2 = 1 

0.1 0.9985 0.9572 
1.0 0.9905 0.7757 

10.0 0.9738 0.6110 
100.0 0.9575 0.5660 

t The results are the ratio of net heat transfer from the gas 
when one wall is adiabatic and the other black to that when 
both walls are black and at equal temperatures : T, = 2ooO K, 
T.=800K,p,=0,bandat2410cn~1,0,=50cn~1. 

before, higher-order solutions might be desired only 
when the average reflectivity of the enclosure is 0.7 or 
larger. Such high values will rarely be encountered in 
practice for they defeat the usual objective of maxi- 
mizing the radiative flux. Additional confirmation is 
given for a more complex enclosure further on. 

The three-zone enclosure 
The most general three-zone enclosure consists of the 

gas zone and two concave surface zones. A first-order 
closure, therefore, requires a solution for four 
physically acceptable band radiosities, R&, I@, R&j 
and Riq. The existence of six zero elements makes it 
rather easy to determine the inverse matrix, which 
contains 16 non-zero elements. However, in expressing 
the solution for the band radiosities these inverse 
matrix elements combine in groups of two leaving a 
total of eight coefficients which determine the solution 
in the general form 

Rf/-Ekb(<) = i &j~lr:!iCEkb(Tj)-Ekb(Tg)I. (25) 
i=l 

The coefficients I,$ satisfy, in this case, a symmetry 
condition which makes it necessary to give explicit 
equations for only four of them, these are given in the 
appendix. 

The second-order solution can be similarly 
expressed as 

G”-EkJT,) = i Ejd’&:i’CEd?;)-Ekd(T,)1 (26) 
j=l 

but there are now 16 $8) obtained from an inverse 
matrix containing 64 elements ; each of the I# consists 
of four elements of the inverse matrix. This solution is, 
clearly, best carried out on a computer or advanced 
programmable calculator. 

The solution for the radiative flux at either surface is 
of importance and can be expressed as 

qj = F Aji[Eb(7J-E,,(T)] 
J 

+ z ,cl il Wk~kjrn&,CEkb(Tm)-EkC(T~I ; i#j 
I IPI- 

(27) 

where 

D = Cl-p,F,,lCl-p,F,,l-_p,p,F,,F,, 

and, at first order 

The above result would be particularly useful for the 
model of an industrial furnace consisting ofa gas zone, a 
radiatively adiabatic zone and a radiative flux zone 
[lo, 111. 
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The general enclosure 
The most general enclosure, within the present 

constraints, consists of the gas zone and an arbitrary 
number of concave surfaces. The coefficient matrix for 
the band radiosities contains NzM+ ’ elements where N 
is the number of surfaces and M the order of the 
approximation. The maximum number of non-zero 
elements in any row is N + 1 so that higher-order 
closure equations generally contain a large number of 
zero elements in the coefficient matrix. If the band 
radiosities are ordered so that the last superscript is 
varied most rapidly and the subscript the least rapidly 
the known constant vector contains NM+’ elements 
but the first NM are identical as are all following groups 
of NM, thus, there are N groups of NM elements each. 
Consequently, when the coefficient matrix is inverted 
the NM+ ’ elements of each row can be arranged into N 

successive groups, each containing the sum of NM 
elements. 

The general solution for the band radiosities is, 

therefore, given by 

Ri’r...Sf) - Ekb(Tg) = 5 1,@$“~~%~[&,(7j) - E,,( T,)]. 
j=l 

(28) 

The next lower-order solution is 

and the next is 

1~1 i=l j=) 

x Ej CEkdZj)-EkATg)l. (30) 

The equations given above have considered the 
unrealistic case of concave surfaces in their formu- 
lation. It has previously been pointed out that plane or 
convex surfaces create combinatorial radiation paths 
that are physically meaningless. The most difficult 
combinatorial problem would attempt to eliminate 
these paths from all those which are possible. This is the 
direct elimination procedure previously mentioned. 
The indirect procedure, which accomplishes the same 
end, is to retain all radiosity functions which are com- 
binatorially possible but to assign zero values to all 
band transmissivities which involve physically 
meaningless paths. This is certainly the easiest 
approach although it may prove to be computationally 
wasteful in some situations. With these guidelines in 
mind one can consider specific solutions from 
equations (28) to (30). 

A first-order solution is obtained from equation (28) 
by deleting from the superscripts the group (Zmn . . . s). 

A second-order solution is found from equation (29) 
by deleting the group (mn . . s) and the third-order 
solution is given by equation (30) with the superscript 
group (n . . . s) deleted. 

Solutions for the general enclosure are too complex 

to be solved without the aid ofa computer. Solutions for 
three-zone enclosures can, in certain cases, be carried 
out with a simple calculator and in others with a 
programmable calculator. Example problems in this 
class will be considered later. 

Since the band transmissivities are newly defined and 

essential to the present method of analysis, their 
evaluation will be considered in the following section. 

EVALUATION OF BAND 

TRANSMISSIVITIES 

Band transmissivities are essential numerical 
coefficients in the present method of analysis. Their 
evaluation is anything but a trivial effort and often is 
much too difficult to warrant an exact algorithm. This 
problem is characteristic of the zone method for an 
enclosure whether the confined medium is gray or 
otherwise. Fortunately, the approximate method based 
upon the concept of the mean beam length is very 
effective. This is particularly true for nongray media 
where it can be easily demonstrated that errors in the 
worst circumstances are less than 10% and generally 
much smaller for typical configurations of complex 
enclosures. 

Approximate evaluation of band transmissivities 
The band transmissivities were defined earlier in 

terms of spectral integrations. These can be very useful 
in certain circumstances but in general the necessary 
knowledge of spectral variations will neither be known 
nor necessary to a successful model of nongray 
absorption in terms of band absorption functions. By 
applying well-known definitions one can express a 
typical band transmissivity of first order in the form 

X 
cos oi cos /3* cos 0; cos oj 

x’r!rZ.A 2. 
dAj da: da, d& (31) 

fl,, f 1 

which, as already pointed out, is somewhat complex for 
numerical quadrature. Higher-order transmissivities 
are even worse because each additional order requires 
the addition of two more surface integrations (Monte 
Carlo methods for integral evaluation could become 
very useful under these circumstances). 

The mean-beam-length (MBL) approximation 
provides a neat way out of the obviously undesirable 
problem of evaluating equation (31). In this 
approximation one replaces the arguments tkfi and 7kij, 

which in general depend upon all the integration 
variables, by new arguments ulrfirlrti and ukijtkij which 
are independent of any integration variables. Con- 
sequently, one can then remove the band absorption 



Band radiation of isothermal gases within diffuse-walled enclosures 1165 

functions from the integration and write 

Sakti $j z FtiFi.jCA(Uktitkri+ u,ijz,ij)--A(Ukijtkij)l (32) 

where the F, are the ordinary shape factors. In a very 
strict sense the above equation can be considered a 
definition of ukij and ukti through the relations 

Sakij = FijA(u,ijz,ij) 

and 

F,iFijA(u,,ir,,i + ukijrtij) 

= Jzi Jzc Jz, s, A(7kti+7W) 

X 
cos ei cos et cos e; cos e, 

Aa. 2? ?. f ,n rd,, 
dAj da dd, dAi. (34) 

Equation (33) is suitable for the evaluation of ukij but 
equation (34) is just as complex as the original equation 
from which it was derived. Consequently, one can 
define ukfi by the simpler requirement that 

= A(tk,i) cos~~~~ ei dJi d& (35) 

which is identical to the definition given for ukij in 
equation (33). Equations (33) and (35) have been 
previously discussed by Dunkle [ 12,131 who evaluated 
ukij for simply arranged rectangular surfaces in the 
optically thin limit. As a practical matter one will 
ordinarily use the optically thin mean beam length for 
all values of optical depth because the evaluation for 
other circumstances is too complex for the few percent 
gain in accuracy. In this limit, equation (34) is simply 
expressed in terms of equations (33) and (35). 
Furthermore, in the optically thin limit, ukij is 
independent of band parameters so that ukij = uij and 
the simplest MBL approximation can be written as 

SC’!, = FijCA(Q7kri + Uij7kij)-A(Uij7kij)I 
kv 

A(Uti7kti) 
(36) 

where the beam length factors u are found in the way 
outlined by Dunkle 1121. 

Similar arguments lead to the second-order 
approximation 

(37) 

All higher-order equations are of this form with 
extended arguments in the band absorption functions. 
It should be noticed that band transmissivities of 
second and higher order are fundamentally different in 
form from that of first order. For gray bands the 
difference is apparent and not real but for molecular gas 

absorption there is a clear and important effect [9] 
which will be discussed later. 

For the simple geometries previously considered [9] 
it is possible to compare mean beam length and exact 
results. The differences are greatest for the planar 
medium, as would be intuitively expected, and so 
numerical comparisons are restricted to this geometry. 

For the planar medium the approximate band 
transmissivities of any order n reduce to 

stnj = A &’ + 1b7kl - A [‘%I 
k 

A[nuqJ - A[(n- l)uz,] 
(38) 

where u = 2 is appropriate to the optically thin limit 
and 7k is based upon the plate separation, h. 

Equation (38) is very similar to the specular surface 
result obtained in ref. [14]. In Table 2, first-order MBL 
solutions for the single-band radiative flux from an 
isothermal gas is compared to the first-order results 
obtained earlier [9] in terms of the percent difference. 
The MBL results are always greater and this 
compensates to varying degree for the inherent 
underprediction of first-order solutions using exact 
exchange factors and band transmissivities. For wall 
reflectivities of 0.2 the MBL results overpredict the 
exact (infinite order) solution but at the important 
larger optical depths (7 > 10) the overprediction is less 
than 5%. At a wall reflectivity of 0.8 the MBL results 
actually improve upon those obtained earlier [9] but 
the results are still lower than the exact at large optical 
depth by up to 10%. 

Results for cylindrical and spherical geometries at 
first order show a much smaller difference between 
MBL and exact exchange factor methods, differences 
being a few percent for a reflectivity of0.2 and a fraction 
of a percent at a reflectivity of 0.8. 

Real enclosures will nearly always be more similar to 
cylindrical or spherical geometries and consequently 
the MBL approximation is not only justified but in 
most situations is the only practical approach to 
pursue. Of course, fundamental research will require 
that exact band transmissivities be eventually deter- 
mined for selected geometrical configurations. 

Table 2. The percentage change in first-order flux predictions 
for the planar two-zone enclosure due to the MBL 

approximation 

r 0.2 0:5 0.8 

0.1 4.890 4.432 3.063 
0.2 6.911 5.827 3.141 
0.5 9.233 6.859 2.518 
1.0 9.669 6.123 2.346 
2.0 8.572 6.050 2.791 
5.0 6.316 4.843 3.108 

10.0 5.101 4.08 1 2.92 1 
20.0 4.273 3.507 2.656 
50.0 3.517 2.949 2.329 

100.0 3.102 2.629 2.119 
1ooo.o 2.228 1.928 1.613 
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Reciprocity relations 
Reciprocity relations play an important role in the 

overall simplification of the evaluation of radiative 
exchange factors whether they are simple shape factors 
or the more complex functions defined in this paper. 

The reciprocity equation for the band absorption 
factor Sakij is easily deduced from equation (35) to be 

or 

Ai Sakij = Aj Sakji 

qi Sakij = ri, Sakji Wb) 

the first of which is clearly analogous to that for simple 

shape factors. 
In the case of the first-order band transmissivity 

defined by equation (31) only the exchange oft and j 
makes any sense for reciprocity. For this case it 
amounts to reversing the path of the radiation and one 
obtains from equation (31) 

f$,[Sa,,i Sf)j + F,i Sakij] = F;j[Sakji Sl;i’, + 4i Sa,i*] (40) 

or 

Sa,., Sf$ + E:t Sakij = Sakij S# + FijSa,, (41) 

from which it follows that 

Sa,ir[F;j-Sf)j] = Sakij[&-Sl;i)]. (42) 

This is basically an emission-absorption equivalence 
relation which says that the effective emission from 
surface j to surface i, which is then partially absorbed 
between surfaces i and t, is equal to the effective 
emission from surface t to i which is then partially 
absorbed between i andj, the emissive powers of surface 
j and t being equal to one another. In retrospect, this 
should be thermodynamicaily obvious but the 
condition in this particular form for nongray-band 
absorption/emission has not likely been stated before. 
Indeed, it seems remote that equation (42) could have 
been deduced directly from equilibrium thermo- 
dynamics of nongray radiation. Equation (42) is also a 
reciprocity relation which the above discussion might 
have obscured. It suffices to say that the reversed path 
band transmissivity function is obtainable from the 
forward path band transmissivity in accord with 

equation (42) or (40). 
Equation (42) is a general nongray result which also 

applies for the special case of gray-band absorption. 
Gray-band results are not path dependent and, 
therefore, the superscripts are redundant. Conse- 
quently, for gray bands, one can rewrite equation (42) 
in the form 

hit Sakij 

&-Skit 
=m. 

gray band 

(43) 

Since t and j can be varied independently, each side 
must be equal to a common constant. In fact, for a gray 

band, it is well known that [lo] 

Sakit = &-Sk, 

gray band 

(44 

but it is important to note that in general 

Sakir # 4, -S(j) !iw 

nongray band 

(45) 

Nevertheless, equation (42) can be expressed in the 
remarkable form 

Said 
4, - SW 

ktt 
-= 

Sakij F: - Sfij’ 1, 
(46) 

One can also find a connection between higher-order 

band transmissivities and their inverse. At second order 
one finds 

FJSa,,, Stjj Sg + & Sakij S$jm + &Ej Sakj,] 

= F,,[Sakmj S!$ Sfiy’+ Fmj Sakji S$\ + FmjFji Sa&J. (47) 

From this result and that for first order the form for 
higher-order functions is clear. The recurrence relation 
between a band transmissivity and its inverse may be 
used to reduce computational evaluations by nearly a 
factor of two. 

Special simpli$cations 
In a remarkable number of cases the asymptotic 

forms of band absorption equations satisfy a power law 
or a logarithmic variation with optical depth. Narrow- 
band models such as those of Elsasser or Mayer-Goody 
are often used when relatively high spectral resolution 
is desirable. This is rarely necessary in heat transfer 
problems of engineering concern but the narrow-band 
models play an important role in the more global 
expressions of total band absorption as discussed by 
Edwards [7]. 

In the present context a considerable simplification 

results in the evaluation of exchange factors and band 
transmissivities for the particular mathematical forms 
mentioned above. 

The important mathematical/physical relations for 
band absorption are linear, square-root and logarith- 
mic [7]. Numerous publications, which are not 
mentioned here, have considered factors such as Sa, 
leading to the realization that the important effect of 
power-law and logarithmic forms is that radiative 
properties and geometric properties are separable for 
this particular exchange factor. That is to say that 
integrations required in the evaluation of exchange 
factors are purely geometrical whenever power-law 
and logarithmic band absorption functions are valid. 

This fact carries over to the band transmissivities. 
Whenever band parameters are appropriate to any of 
these limits, band transmissivities of higher order than 
the first are purely geometric functions. This can lead 
to a significant reduction in solution time require- 
ments if properly exploited. To fix these ideas, the 
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reader should consider equations (36) and (37) for the 

special cases: (1) A(x) = x; (2) A(x) = J(4fix)-b; 
and (3) ,4(x) = lnx+c while making use of the fact 

that tkij = pkctkLij/w,. 

APPLICATION OF PRINCIPLES 

The foregoing nongray method is derived from 
fundamental principles and the approximate pro- 
cedure called the ‘closure method’ has a clear physical 
interpretation which is independent of any particular 

band model. 
To illustrate the method in a reasonably realistic 

context the three-zone enclosure consisting of a gas 
zone, an adiabatic zone, and a heat transfer zone will be 
considered. The easiest geometry is acube. Simplicity in 
other respects suggest one surface at constant 
temperature and the rest as adiabatic. In a purely 
arbitrary fashion, the constant surface temperature is 
750 K. The gas phase consists of CO,/H,O/N, with 
mole fractions of 0.15, 0.15, and 0.7, respectively. The 
gas temperature is 1500 K and the total pressure is 
1 atm. The objective is to find the heat flux at the con- 
stant temperature surface. Practical considerations 
dictate the use of the MBL approximation. 

Optically thin beam lengths taken from Dunkle’s 
paper [12] are used. Five bands are considered; for 
CO, the 15,4.3, and 2.7 pm and for H,O the 6.3 and 
2.7 pm. The optical depths for the CO, bands range 
from about 3 to 180 and all obey the overlapped line 
logarithmic equation. The 6.3 pm H,O band is also 
logarithmic at an optical depth of about 5.5 but is 
nonoverlapped in structure (this is called the log-root 
equation by Edwards [7]). The 2.7 pm H,O band is 

square-root and has an optical depth of about 3. 
First- and second-order solutions are considered. 

Band radiosities of interest are Rj$, RI:‘, Ri$’ where 
surface 1 is the planar heat transfer surface. 

For this geometry all beam lengths are found to be 
equal to the single value of 2L/3 where Lis the length of 
one side of the cube (L = 2m). All of the band radiation 
properties can be determined from Edwards’ work [7]. 
Knowledge of beam lengths and band radiation 
properties is all that is needed to find exchange factors 
and band transmissivities for any order of solution. 

Analysis of this problem is greatly simplified by the 
fact that all bands are either logarithmic or square-root. 
This simplification is quite apart from the MBL 
approach and would apply even if exact exchange 
factors and band transmissivities were used. However, 
use of the MBL approximation greatly simplified the 
solution because the band transmissivities only depend 
upon the subscripts through the ordinary shape factor 
and superscripts are irrelevant for this geometry. 

The present problem requires an iteration to find the 
unknown temperature of the adiabatic zone. 
Satisfactory convergence was found in about four tries 
using an unsophisticated approach with a program- 
mable calculator of modest capabilities. Both first- and 

second-order solutions were carried out without the aid 

of a computer. Considerable algebraic effort was 
required because first-order solutions required the 
inversion of a 4 x 4 matrix and second-order solutions 
involved an 8 x 8 matrix. However, the actual enclosure 
considered did not require such large matrices because 
of the planar surface assumption. 

Table 3 presents results for p1 = 0.2 and pz = 0.5 for 
both first- and second-order solutions. Results are also 

given for the black wall enclosure to fix a frame of 

reference. 
The most important result of this example is the small 

difference between the first- and second-order solutions 
for the heat flux. This is consistent with earlier results 
for a very simple two-zone problem [9] and suggests 
that the error in the second-order solution is very likely 
less than 1%. The error referred to deals specifically 
with nongray-absorption effects and is quite aside from 
the discretization error of the zone method or of the 
MBL approximation. 

The ability to gauge the level of error at any order of 
approximation by performing the next higher-order 
solution is a particularly important feature of the 
present method. ThP band model is completely 
arbitrary and, in fact, different models can be used for 
different bands. One can use narrow-band (quasi- 
spectral) models or total-band models or, if desired, on_ 
could mix these in any convenient way. Since band 
absorption properties are used directly, there is no need 
to perform calculations of total radiation properties 
such as emissivity and absorptivity and, subsequently, 
curve-fitting such results to conform to a gray-band 
model. The present method uses direct, band-exchange 
factors exclusively and, as a consequence of the 
constant-property assumption, these are independent 
of the actual temperatur,s within the enclosure. 
Exchange factors which account for the effects of all 
bands are necessarily temperature dependent, even for 
constant radiation properties, and should be avoided 
for that reason alone. 

It has been realized for some time that total-radiation 
properties alone might be inadequate for radiative 
transfer analysis and that one should preserve spectral 
information at least at the level of total-band 
absorption. The present method is a completely 
satisfactory approach to the theoretical problem of 
incorporating band radiation models into arbitrary, 
diffuse-walled enclosure analysis. At first exposure, it 

Table 3. Heat transfer results for a three-zone enclosure 
containing an isothermal gas 

Adiabatic 
wall 

Wall Solution Heat flux temperature 
reflectivity method (W m-*) (K) 

p, = 0.2 

I 

First order - 1.269 x lo5 Tz = 1298 
p* = 0.5 Second order - 1.291 x lo5 1302.5 

P1=P2=0 ~ 1.712 x lo5 1309.7 
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might appear somewhat complex but in fact it is simpler 
than other, less exact, alternative methods and has 

unique advantages. Its greatest strength lies in the fact 
that it is derived from fundamental principles with the 
least number of physical assumptions presently 
accepted (band models) and that the assumption 
leading to the closure method has a clear physical 

interpretation. 

CONCLUDING REMARKS 

There is, and has been for some time, a clear need for a 
rigorous treatment ofnongray radiative transfer within 
diffuse-walled but otherwise arbitrary enclosures. The 
generally accepted and well-known method of Hottel 
has always been suspect because of its gray-band 
foundations. Although it is natural to extend a well- 
understood method to more complex situations, it has 
been found in a number of independent studies that the 
nongray behavior of molecular gases is difficult, if not 
impossible, to describe by gray-band models. 

The motivation for using gray-band models has 
largely disappeared over the past 20 years. Band- 
radiation properties are now reasonably well 
understood and it is common to use this knowledge to 
compute total-radiation properties required by the 
gray-band models. It seems reasonable to bypass this 
tedious procedure altogether and use band-radiation 
properties directly in the analytical method. 

The method developed in this paper has a number of 

attractive features but does, in some respects, appear 
somewhat complicated. At the same time it displays 
certain remarkable simplifications when applied to 
molecular gas band radiation which might very well 
prove it to be simpler to apply in practical situations 

than the gray-band alternative. 
At the very least, the method can be used to test other 

procedures because of its fundamental foundations. 
Its generalization to nonisothermal gases is straight- 
forward and will be reported in the future. 
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APPENDIX 

Equation (1) applies only to an enclosure which contains an 
isothermal gas and does not follow directly from a simple 
inspection of results from ref. [9]. The derivation follows. 

From ref. [9] the gas cooling rate for a single gas zone (g) is 

Q*’ = V ; 4p,c(, ; Gs,,#,,(T,)-&‘I 
k=l i=1 

= i 5 wnz&Sg,i,[E,b( T,) - i?g’] 
!s=, i=, 

which follows from equation (21) of ref. [9], The definition of 
al!’ from ref. [9] can be written as 

in which Sg,,, = (sig,),/Ai and 4p,c(,VG~ = w&Sg,,p have 

one can write 

which leads directly to equation (1) of the text by using m 
addition 

This result applies only for an isothermal gas zone. 
It was mentioned in the text that the coefficients for the 

three-zone enclosure satisfied a symmetry condition which 
made it possible to find eight values by listing only four of 
them. Since the problem in question only involves two 
surfaces, the rule is simply an exchange of indices, that is all l’s 
are replaced by 2’s and vice versa. The four coefficients are 
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RADIATION PAR BANDES DES GAZ ISOTHERMES DANS DES ENCEINTES 
A PAR01 DIFFUSE 

R&sum&-On presente une mithode d’obtention de solutions tres precises des equations du transfert 

radiatif, intigrbes sur le spectre, pour des enceintes quelconques qui contiennent un gaz isotherme. La 
procedure est assez g&n&ale pour i?tre appliquee a un spectre d’absorption-emission non gris quelconque mais 
il est particulierement approprit pour le rayonnement par bandes de gaz moleculaires. Cela constitue une 

alternative raisonnee aux procedures de bandes grises on de gaz gris actuellement existantes. 

BANDSTRAHLUNG ISOTHERMER GASE INNERHALB VON HOHLRAUMEN MIT 
DIFFUSEN WANDEN 

Zusammenfassung-In dieser Arbeit wird eine Methode zur Gewinnung sehr genauer Naherungslijsungen 
der spektral integrierten, zonalen Strahlungstransportgleichungen fur beliebige Hohlraume, die ein nicht 
graues, isothermes Gas enthalten, entwickelt. Das Verfahren ist ausreichend allgemein, urn auf jedes 
nichtgraue Absorptions-Emissionsspektrum angewendet werden zu kbnnen, ist aber besonders fur die 
Bandstrahlung molekularer Case geeignet. Es stellt eine fundamental begrtindete Alternative zu den 

gegenwartig verfiigbaren Prozeduren zur Berechnung der grauen Band- bzw. Gasstrahlung dar. 

M3JIY’IEHHE B IIOJIOCAX M30TEPMMYECKHX FA30B B HOJIOCIIIX C 
AI+%PY3HbIMA CTEHKAMH 

AnHo?arolPffpeLaOnu!H MeTOn nOJt)“ieHna LlOBOnbHO TOWtbIX npn6nnaCeHHbtX pemeH&ifi YpaBHeHnfi 

HHTerpaJrbHOrO n0 CneKTpy 30HHOrO JIyWiCTOrO nepeHOCa B nOnOCTRX npOn3B0,tbHOfi +OpMbI, 

COAepZUamnX HeUZpblfi H30TCPMHWCKHi-i l-83. MeToauKa RBJlReTCa nOCTaTOqH0 o6meii n MOZKeT 

ACnOJtb30BaTbCa !JJUl aHaJni3a a6COp6UnOHHO~3MHCCnOHHOrO CneKTpa nro6oi-i HeCepOti Cpenbt, HO 

6onbme BCerO nOEiOLnfT Qrrs pemeHnJl 3anaY n3JI)‘qeHHa B nOJlOCaX MO,IeKynapHbIX ra3OB. OHa “pen- 

CTaBJtReT co6oti @yHnabfeHTaJIbHO 060CHOBaHHbIfi BapHaHT C)‘meCTBj’mmnX MeTOLlOB CepbIX nonoc 

nnn ceporo ra38. 


