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Abstract— A method for obtaining highly accurate approximate solutions of the spectrally integrated, zonal,

radiative transfer equations for arbitrary enclosures containing a nongray, isothermal gas is developed in this

paper. The procedure is general enough to be applied to any nongray absorption—emission spectrum but is

particularly appropriate for band radiation of molecular gases. It represents a fundamentally based alternative
to presently available gray-band or gray-gas procedures.

INTRODUCTION

THE ANALYSIS of radiative transfer within diffuse-walled
enclosures has a long and interesting history. The early
work of Hottel [1] laid the foundations of a workable
theory based upon a limited knowledge of gas radiative
properties. Approximations were devised and applied
with remarkable success to problems which had
previously been intractable. The emphasis of this early
work was upon design procedures for industrial
furnaces.

More fundamentally based studies of radiative
transfer processes in the engineering context began to
evolve with the work of Bevans and Dunkle [2] and
somewhat later by that of Edwards [3]. These later
workers recognized that many problems of practical
interest could not be adequately solved based solely
upon knowledge of isothermal gas emissivities and
absorptivities. They relied instead upon the more
fundamental band—absorption properties of gases,
which preserved some essential spectral detail and
whose empirical representation had begun to appear
with the experimental work of Howard et al. [4] and
Edwards [5]. The work of Bevans and Dunkle [2] and
its later clarification by Edwards [3], however, relied
heavily upon the network method developed by
Oppenheim [6] and the gray-band concept of an
effective band width.

In a recent survey of nongray radiative transfer from
gases, Edwards [ 7] proposed some generalized rules for
evaluating the effective band width or its equivalent but
these are largely the product of intuition and are not
directly derived from fundamental principles.

For some problems of interest the approach of
Bevans—Dunkle-Edwards (BDE) is superior to that of
Hottel but thelatter is of greater generality sinceitis not
restricted to the isothermal gas assumption. The BDE
method, however, treats nongray gas radiation
properties more rigorously than that of Hottel, the later
of which is a modified gray-band model and con-
sequently has many of its well-known shortcomings.

The purpose of this present paper is to develop a
band-radiation method of general applicability for

enclosures of arbitrary geometry with a minimum of
special assumptions.

Hottel’s zone method [1, 8] is familiar to the
specialist and nonspecialist alike and also is a
convenient framework for the more general nongray
methodology which will be developed in this paper.

In an earlier work [9] a closure method was devised
and applied to very simple problems. The same basic
approach will be applied herein to the general enclosure
of fundamental engineering interest.

In this development it is not a variation of the zone
method which is discussed but rather the way in which
nongray radiation is treated within the context of the
zone method.

ANALYSIS

When an enclosure is idealized through the assump-
tion of an isothermal gas, the basic transfer relations
for the volumetric cooling rate of the gas and the total
radiosity for a surface can be somewhat simplified.

The general, band-radiation zone equations were
givenin ref. [9] and when one makes use of equivalence
relations between exchange factors they are con-
veniently written for an isothermal gas as follows
(Appendix):

Gas cooling rate
K N N
0¥ =3 Y ¥ AwSaulELT)—RI; (1)
k=ti=1i=1

total surface radiosity

K N

R, = &,E{(T) +p, Z Z @y Sa [ E(T)— R
K=1i=1
N

+p: Z F.R; (2)

i=1
for a known surface temperature, 7, or

K N N
R,=q+ Z Z Wy sakti[Ekb(Tg)—R;cti)]'i' Z F4R; (3)
K=1i=1 i=1

if g; is given, either directly or through a surface energy
balance.
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A(x) band absorption function of argument x

surface area

radiative emissive power

surface-to-surface shape factor

radiative surface irradiation

index for the maximum number of

surfaces

q" radiative heat flux at a surface

gas radiative cooling rate

r linear distance, generally between two
points in space

R surface radiosity

S gas transmissivity between surfaces

Sa  gas absorption function between surfaces

T  temperature

u  dimensionless mean beam length.

Zm o

NOMENCLATURE

€ surface emissivity

0  angle measured from a surface normal

v radiation wavenumber

p  surface reflectivity

o  Stefan—Boltzmann constant

T optical depth

¥  equation (28) and following text

w  band-width parameter.
Subscripts

b black body

g  gas phase

k  specific gas absorption band
v spectral quantity
all others generally refer to a surface zone.

Superscripts
Greek symbols all  refer to surface zones or if (g) to the gas
8; Kronecker delta function zone.
The band radiosity function RY is defined by [9] with
dv . dv
Sa; RY) = Sa,; R,;—-. 4 S = Sa,:8,iiSvim— 10
Ay k J;W t. o, ( ) k ji Sak"' S;:;)_, _[Avk a T jvim w, ( )

Band radiosity equation
The spectral radiosity equation for a general
enclosure containing an isothermal gas is

Ryi—E(Ty) = &[E(T) — E(T]

N
+p; Z S,ii[R,;—

j=t

EWT)) (5)

Multiplication of equation (5) by Sa,,; dv/w, and
integration over Av, gives

R{)— Ew(T)) = e[ E(T) — Eu(T,)]
0,5, SOIRG—En(T)] ()
i=1
where
d
Sak“ S§¢tl)1 R(") = j Savn' Svinvj l (7)
Avi Wy
and
dv
S(',~)~ = f Sav '.Sw.._. (8)
ki S ) aw BT

From equations (5) and (7) one can find by the same
procedure that

R{?— E(T,) = &;[Exo{Tj)— Ex(T)]

+p, 3 SR~

Eq(TY] )

and an obvious definition of Ry,

The procedure illustrated above could be continued
indefinitely and in the process one would generate an
infinite series solution for R by back substitution of
each higher-order equation into the next lower order.
The structure of that solution is of interest and is
outlined in the following.

Structure of the exact solution. One will obtain the
exact solutions for the band radiosities by back
substitution of higher-order into lower-order equ-
ations. An expansion to three explicit terms yields

R} —Ex(Ty) = &i[Ew(T) — Exo(T)]

+0; z S}:z);‘g;[Ekb(T) Ew(T)]

ji=1

N N
+0: Y Y pSOSE el Exel To) — Exo(Ty)]

=1 m=1

0T T Y pionSHSLSE

=1 m=1n=1
x [R — Ex(T)]: (11

The physical interpretation of these terms is easy.
The first is simply the emission component of the
radiosity, the second represents radiation which has
been received directly and is then reflected, the third
accounts for radiation received after having undergone
one reflection prior to reflection from surface, i, the last
term takes into account radiation which has been
reflected two or more times prior to incidence on
surface, i. The last term is clearly not explicit and can
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only be made so by continuing the term-by-term
expansion. The end result is an infinite series solution
which describes all possible combinations of multiple
reflections term by term.

For nongray radiation this form of expansion
appears essential to obtain an exact solution, because,
asindicated by superscripting, the spectrally integrated
transmission of a band is history dependent.

Only for spectral or gray-band radiationisit possible
to ignore prior history, which amounts in this
formalism to dropping superscripts.

Although the infinite series solution has a number of
valuable uses it hardly fills the need for a practical
method of enclosure analysis which could be applied on
a routine basis. To achieve such an objective an
approximate procedure is described in the following.

A closure approximation. Approximate solutions of
the band radiosity equations were obtained in ref. [9]
for a particularly simple example problem. Closure was
obtained by simply deleting a superscript from the
band-radiosity functions of higher order appearing in
any given band-radiosity equation. Because only one
surface zone was considered there was no difficulty in
selecting a superscript to be deleted.

When multiple surface zones are involved a band-
radiosity equation of arbitrary order can be written for
an isothermal gas as

R}(‘im""'s’) —Ef Tg) = &[Ep(T) — Ep Tg)]

N
+pi Y, S RGN —E(T)). (12)
ji=1

This equation is not closed because the band-
radiosity function on the right is of higher order than
that on the left.

Itisnot possible to arbitrarily select a closure method
without the possibility of encountering difficulties
which are not easily resolved in a satisfactory way. It
has been found that the only closure method which is
free of fundamental problems is to put

R;‘i}mn...st) ~ R;‘i;mn...s) (13)
so that equation (12) becomes, in the closure approxi-
mation

R;f.’mn'"m — Eg( 7;) = g[Ew(T)— Epl Tg)]
N
+p: Y, S O[REm9— Ey(T)]. (14)
j=1

This equation is closed because the band-radiosity
functions are all of the same order. A separate equation
holds for each possible combination of the superscripts
but some of these are physically irrelevant, as discussed
below.

When dealing with band radiosities one must be
concerned with physically meaningful radiosity
functions. The sequence of subscript/superscripts
physically represents the path followed by the radiation
contributing to the radiosity function of interest. Some
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paths will be physically unacceptable and these need to
be recognized at the outset so they can be excluded from
the system of band-radiosity equations.

Unacceptable paths always involve the transfer of
radiation from a surface to another part of itself or to
another surface which is shielded by an intervening
object. The second possibility is excluded from
consideration at this time. The firstis possible only if the
considered surface is concave, thus in general the
unacceptable paths of interest will always involve a
convex surface which cannot receive radiation from
itself. A typical unacceptable path would be
represented by a radiosity function of the form R{™--"
where surface, m, is convex. The repeated superscript
could occur anywhere within the superscript sequence.
Another unacceptable form would be R with, i,
convex. These physically meaningless radiosity
functions must be excluded from the basic system of
relevant radiosity equations. The exclusion can be
direct or indirect. The mechanism for the indirect
approach might besimpler and will be discussed further
on.

That equation (13) is the only fundamentally
acceptable closure assumption can be explained as
follows. Suppose that instead of equation (13) one puts
R{gm0  R{m™-Y then the resultant form of
equation (12) is actually simpler than equation (14)
because of a lack of superscript coupling, namely,
equations with different superscript sequences are
independent of one another. Unfortunately, the inverse
matrix coefficients will always contain one row with
elements containing transmissivities of the form
S in which an interior member of the sequence
(jiimn...st) is repeated. When this happens the band
transmissivity for a convex surface, i, is formally
indeterminant, being 0/0. There apparently is no
fundamental way of removing this difficulty and
although ad-hoc plausibility arguments can be devised
to deal with the problem, an otherwise fundamentally
based methodology becomes linked to an essentially
arbitrary rule for assigning values to indeterminant
quantities. Furthermore, one cannot choose a value of
zero because that is inconsistent with a gray-band
model and leads to a complete neglect of a number of
multiple reflections. In the case of a planar medium all
multiply reflected radiation is neglected. Closure rule
(13} is the only one free of these problems.

Equation (13) is mathematically motivated and
without a clear physical interpretation of its own,
however, the result of this approximation does have a
clear physical interpretation and is discussed later.

The closure method s very powerful and the best way
to illustrate this is through problems that can be
analytically solved. Consequently, only low-order
solutions for two-surface-zone enclosures will be quanti-
tatively considered. More complex, multisurfaced
enclosures will, however, be fully discussed.

Structure of the approximate solution. An infinite
series solution for equation (14) for any given order of
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closure can be constructed in exactly the same way as
was done for the exact formulation. The physical
meaning of the closure approximation then becomes
quite clear.

Intheexact expansion one finds that radiation which
has been reflected n times is attenuated by a product of
band transmissivities which varyin order from 1 ton.In
a first-order closure one finds instead a product of n
first-order band transmissivities ; at second order the
transmissivity product consists of a first order followed
by (n— 1) of second order ; at third order one gets a first
order,asecond order and (n— 2) of third and so on up to
any order desired less than or equal to n. Consequently,
a closure approximation of order n treats up to n
reflections exactly and approximates all higher-order
reflections by attenuating them with band trans-
missivities of order n.

The great advantage of the closure method is that one
doesnot have to carry out a series expansion, as must be
done to obtain an exact result. Rather, the closed-band-
radiosity equations of a given order can be solved by
matrix inversion or other procedures, such as Gaussian
elimination, with all the usual computational benefits.

Moreover, it will be shown herein, as it was elsewhere
[9], thatrelatively low order approximations are nearly
always completely satisfactory, but before discussing
specific examples the evaluation of the surface total
heat flux or temperature is discussed.

Evaluation of radiative flux or surface temperature.
When the band radiosities are determined the total
radiosity can be found from equation (2). This makes
it possible to find either the total surface heat flux,
when the temperature is prescribed, or the surface
temperature, when the total heat flux is given. When the
heat flux is sought it is found from

g
q = p—t [E(T)—R.]; p.#0 (15)
t
or
4 =E(T)—-H,; p,=0 (16)
where
K N N
H =173 Z o, Sty [ExT) — R+ Y. FuR; (17)
k=1 i=1 i=1

is the total surface irradiation.
When the heat flux is given, equation (15) is simply
rearranged, using Ey(T) = 6 T*, to give

1 1/4

T, = [; (Rt+ptq:/8t)] ;P F 1. (18)
If by chance, p, = 1, the surface temperature cannot be
found from the radiative transfer analysis alone.

Equation (18) for the surface temperature can only
give an iterated value since when solving the band-
radiosity equations only prescribed surface tempera-
tures can be used. This is because no physical principle
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can prescribe band radiative fluxes from a knowledge of
total flux alone. Estimated surface temperatures,
however, are only used when solving for band
radiosities whereas any given total flux should always
be used in the total radiosity equations. This is expected
to speed convergence of the overall solution.

The planar medium

The planar medium eliminates all unnecessary
complications while at the same time allowing two
distinct surface zones to be defined. Cylindrical annuli
or spherical shells also have this later property but
introduce geometric complexity.

Solving the system of equations for the radiative flux,
the total radiosity and the band radiosities yields for the
flux at surface 1 the first-order relation

€182

="
Y —pyps

{[Eb(Tl)_Eb(TZ)]— Z. 0y Sy,

1+4p,p,50
% BT~ En(T] T, e

+&; Y, 0 Sy [E(T)— Exe(T)]

k=1

(1)

» 14,83 (19)

1—p1p,5i%: S22

and where the relation for ¢5 is simply obtained by
exchanging all (1, 2) indices to (2, 1). It might be noted
that only the sign of the first two terms is affected but
that the last term might change significantly in
magnitude. The physical interpretation of the above
equation is difficult simply because the mathematical
manipulations frequently arrange terms in a way which
is not easy to interpret. The form of this equation has
required algebraic manipulations of the basic results
using obvious symmetry relations.

Equation (19) can be reduced to that found in an
earlier paper [9] by putting &, = ¢,, T, = T, using
symmetry to put S, = Si%, and noting that 1—
[pS3,]% = [1+pSE,1[1—pSE,]. This reduction is
significant because the present results have been
obtained by solving the surface radiosity equations
while the former were obtained by solving for the gas
cooling rate.

There are other interesting variants of equation (19)
related specifically to problems studied in earlier works.
If one puts g = 1 then the problem considered by
Edwards [3] results. It is of interest because Edwards
was the first to consider, in detail, the exact solution for
a planar reflecting enclosure containing a band
absorbing medium. Furthermore, if one also puts
p, = 1 then a special case of one adiabatic wall also
results.

The most generally interesting case occurs when
g, = 0 since this is the simplest model of many indus-
trial furnace designs, as pointed out by Hottel and
Sarofim [10] and Hottel [11]. The temperature of



Band radiation of isothermal gases within diffuse-walled enclosures

surface 2 must then be found by iteration from

K
E(T)—E\T) = z @y Sy 2 [E(T3) — Ex(T})]

k=1
1+p10:8%  1-pip, i
1—p1p, 80 S5, €1 k=1
1+p,8%,

X Wy Say 2 [Evo(T2) — Ekb(T;;)] 1= (20

P1P28i21 Sk
with the flux at surface 1 given by equation (19).
An interesting case occurs if ¢; = 1 for then

K

E|(Ty) = E(T)+ Y. o, Say1 [ E(T) — Ex(T1)] (21)
k=1

which requires no iterations. The flux for this case is

given by

K

q1 =&, Z @y Say 1, [Exo(T) — Ekb(Tg)]

k=1

K
+ Z @y Say ;[ Ev(Th) — En(T)1[1+ P25 (22)
k=1
When surface 2 as well as surface 1 is black one has
the completely black wall enclosure with one adiabatic
wall for which the flux is given by

K
qi = Y oSty [Ex(T)+ E(Th)— 2E4(T)). (23)
k=1
If, however, surface 2 is perfectly reflecting while
surface 1 is black then

K

Y @ Sayy 3 [E(T1) — Ep{ DI+ Sihl (24
k=1

q =

which is frequently considerably different from the
previous result, especially at large optical depth, as
shown in Table 1 for a fixed gas temperature. The
physical reasons for the difference should be clear.
Equation (19) has been solved to first through fourth
order for a wide combination of p, and p, and for the
special case of equal wall temperatures. These solutions
correspond to a three-zone counterpart of the two-zone
example worked out in ref. [9]. The results, which are
too numerous to give here, confirm the conclusion
drawn from the earlier work, namely, first-order
solutions are nearly always completely acceptable. As

Table 1. Heat transfer from a planar medium with one
adiabatic wall

Heat transfer ratiot

Optical depth p,=0 p=1
0.1 0.9985 0.9572

1.0 0.9905 0.7757

10.0 09738 0.6110
100.0 0.9575 0.5660

+ The results are the ratio of net heat transfer from the gas
when one wall is adiabatic and the other black to that when
both walls are black and at equal temperatures: T, = 2000 K,
T, = 800K, p, = 0,band at 2410 cm ™!, w, = 50 cm ™ 1.
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before, higher-order solutions might be desired only
when the average reflectivity of the enclosure is 0.7 or
larger. Such high values will rarely be encountered in
practice for they defeat the usual objective of maxi-
mizing the radiative flux. Additional confirmation is
given for a more complex enclosure further on.

The three-zone enclosure

The most general three-zone enclosure consists of the
gas zone and two concave surface zones. A first-order
closure, therefore, requires a solution for four
physically acceptable band radiosities, R{}, R, R{}
and R{%. The existence of six zero elements makes it
rather easy to determine the inverse matrix, which
contains 16 non-zero elements. However, in expressing
the solution for the band radiosities these inverse
matrix elements combine in groups of two leaving a
total of eight coefficients which determine the solution
in the general form

2
R;(ti)_Ekb(Tg = Z sj‘/’;cti)j[Ekb(’I})‘Ekb(n)]- (25)
i=1
The coefficients {; satisfy, in this case, a symmetry
condition which makes it necessary to give explicit
equations for only four of them, these are given in the
appendix.
The second-order
expressed as

solution can be similarly

2
R —Ew(T) = 3, e WHEn(T)—En(T)] (26)

=1

but there are now 16 Y} obtained from an inverse
matrix containing 64 elements ; each of the /{5 consists
of four elements of the inverse matrix. This solution is,
clearly, best carried out on a computer or advanced
programmable calculator.

The solution for the radiative flux at either surface is

of importance and can be expressed as

&;&;
45 =~ AGLEW(T)—E(T)]
P
g kK2
+ ;’ Y Y Odiimtm BT —ElT)1; i#]
k=1 m=1
@7
where
Aji = plgﬁ, Ay = l_gjpjj

D ={1—p,F J[1—p,F;;,]1—p1p,F 5 F;,

and, at first order

d’kjm = plAjl [Say, Y+ Sagy; Wit
+p,A [ Say5, Y2+ Sa,, ¥iZa1

The above result would be particularly useful for the
model of an industrial furnace consisting ofa gas zone, a
radiatively adiabatic zone and a radiative flux zone
[10, 11].



1764

The general enclosure

The most general enclosure, within the present
constraints, consists of the gas zone and an arbitrary
number of concave surfaces. The coefficient matrix for
the band radiosities contains N>* * ! clements where N
is the number of surfaces and M the order of the
approximation. The maximum number of non-zero
elements in any row is N+1 so that higher-order
closure equations generally contain a large number of
zero elements in the coefficient matrix. If the band
radiosities are ordered so that the last superscript is
varied most rapidly and the subscript the least rapidly
the known constant vector contains N¥*! elements
but the first N™ are identical as are all following groups
of N™, thus, there are N groups of N™ elements each.
Consequently, when the coefficient matrix is inverted
the NM* ! elements of each row can be arranged into N
successive groups, each containing the sum of N™
elements.

The general solution for the band radiosities is,
therefore, given by

N
R —En(T) = 3 ¥i" e[ EnlT) — Ew(TY].
ji=1

(28)

The next lower-order solution is

R;:lnn'"m —Ew( Tg) = [ Ew(T)— Ekb(Tg)]

N N
+0 Y > S;c't"i""'ml/’;;li?"'"")ﬁj[Ekb(’I})—Ekb(Tg)] (29)

i=1 j=1
and the next is
R;c':r'."m — Ejf 7;) = e[ Exp(Ton) — Ej( Tg)]

N
+om 2, Sini e Ee(T) — Ei( )

=1

p S(" - 3')S(m"~ ~St)d/(1m"---5t)
1

tPm
1

M=
M=
||[\/]z

I

1i=1j

X Ej [Eiu( 7;) —E ’I;)]

The equations given above have considered the
unrealistic case of concave surfaces in their formu-
lation. It has previously been pointed out that plane or
convex surfaces create combinatorial radiation paths
that are physically meaningless. The most difficult
combinatorial problem would attempt to eliminate
these paths from all those which are possible. This is the
direct elimination procedure previously mentioned.
The indirect procedure, which accomplishes the same
end, is to retain all radiosity functions which are com-
binatorially possible but to assign zero values to all
band transmissivities which involve physically
meaningless paths. This is certainly the -easiest
approach although it may prove to be computationally
wasteful in some situations. With these guidelines in
mind one can consider specific solutions from
equations (28) to (30).

A first-order solution is obtained from equation (28)
by deleting from the superscripts the group (Imn...s).

(30)

DuaNE A. NELSON

A second-order solution is found from equation (29)
by deleting the group (mn...s) and the third-order
solution is given by equation (30) with the superscript
group (n...s) deleted.

Solutions for the general enclosure are too complex
tobe solved without the aid of acomputer. Solutions for
three-zone enclosures can, in certain cases, be carried
out with a simple calculator and in others with a
programmable calculator. Example problems in this
class will be considered later.

Since the band transmissivities are newly defined and
essential to the present method of analysis, their
evaluation will be considered in the following section.

EVALUATION OF BAND
TRANSMISSIVITIES

Band transmissivities are essential numerical
coefficients in the present method of analysis. Their
evaluation is anything but a trivial effort and often is
much too difficult to warrant an exact algorithm. This
problem is characteristic of the zone method for an
enclosure whether the confined medium is gray or
otherwise. Fortunately, the approximate method based
upon the concept of the mean beam length is very
effective. This is particularly true for nongray media
where it can be easily demonstrated that errors in the
worst circumstances are less than 109 and generally
much smaller for typical configurations of complex
enclosures.

Approximate evaluation of band transmissivities

The band transmissivities were defined earlier in
terms of spectral integrations. These can be very useful
in certain circumstances but in general the necessary
knowledge of spectral variations will neither be known
nor necessary to a successful model of nongray
absorption in terms of band absorption functions. By
applying well-known definitions one can express a
typical band transmissivity of first order in the form

Say; Sgi)j = JN J~ j~ J” [A(Th + ) — AlTaj)]
Ai JA: i wAj

cos 8; cos 0, cos ; cos 0;
2.2.2
n*rirf A A

which, as already pointed out, is somewhat complex for
numerical quadrature. Higher-order transmissivities
are even worse because each additional order requires
the addition of two more surface integrations (Monte
Carlo methods for integral evaluation could become
very useful under these circumstances).

The mean-beam-length (MBL) approximation
provides a neat way out of the obviously undesirable
problem of evaluating equation (31). In this
approximation one replaces the arguments 7,,; and 1,
which in general depend upon all the integration
variables, by new arguments u,,;7,,; and u,;;7,;; which
are independent of any integration variables. Con-
sequently, one can then remove the band absorption

dA4; d4;d4, d4; (31



Band radiation of isothermal gases within diffuse-walled enclosures

functions from the integration and write
Say; Sgi)j ~ F,F if[A(“kti‘Ck:i+“kij‘fkij)—A(ukikaij)] (32)

where the F; are the ordinary shape factors. In a very
strict sense the above equation can be considered a
definition of u,;; and u,,, through the relations

Sakij = FijA(“kikaij)

f J Afryy) S0 ‘;’S 042, da, (33)

and

FoF 3 At Th + Ui jThi5)

= J~ J~ JL J~ ATy + Th))
i Ja Ja Ji

cos §; cos 6, cos 0; cos 6;
A;d4; d4, d4,
T G

Equation (33)is suitable for the evaluation of u,;; but
equation (34) is just as complex as the original equation
from which it was derived. Consequently, one can
define u,,; by the simpler requirement that

F o AQtyiTh) = Sy
6,
f f A(rk,,)“’s °°sg ‘44, d4, (35
Ay

t

X

(34)

which is identical to the definition givcn for uy; in
equation (33). Equations (33) and (35) have been
previously discussed by Dunkle [ 12, 13] who evaluated
uy;; for simply arranged rectangular surfaces in the
optically thin limit. As a practical matter one will
ordinarily use the optically thin mean beam length for
all values of optical depth because the evaluation for
other circumstances is too complex for the few percent
gain in accuracy. In this limit, equation (34) is simply
expressed in terms of equations (33) and (35).
Furthermore, in the optically thin limit, u; is
independent of band parameters so that u,;; = u;; and
the simplest MBL approximation can be written as

FilA(uy v+ uytg) — Alugryg;)]
A7)

SO, = (36)

where the beam length factors u are found in the way
outlined by Dunkle [12].

Similar arguments lead to the second-order
approximation

St _

kjm

jm[A(utlTkN + u:]Tkxj + “Jmtkjm) A(uutku + ujmtkjm)]
A(utl‘[k" + ul]Tku) A(uljrklj)

(37

All higher-order equations are of this form with
extended arguments in the band absorption functions.
It should be noticed that band transmissivities of
second and higher order are fundamentally different in
form from that of first order. For gray bands the
difference is apparent and not real but for molecular gas
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absorption there is a clear and important effect [9]
which will be discussed later.

For the simple geometries previously considered [9]
it is possible to compare mean beam length and exact
results. The differences are greatest for the planar
medium, as would be intuitively expected, and so
numerical comparisons are restricted to this geometry.

For the planar medium the approximate band
transmissivities of any order n reduce to

s — Aln+ Nur, ] — A[nuz,]
~ Alnur]— Al(n— Duz,]

(38)

where u = 2 is appropriate to the optically thin limit
and 7, is based upon the plate separation, h.

Equation (38) is very similar to the specular surface
result obtained in ref. [14]. In Table 2, first-order MBL
solutions for the single-band radiative flux from an
isothermal gas is compared to the first-order results
obtained earlier [9] in terms of the percent difference.
The MBL results are always greater and this
compensates to varying degree for the inherent
underprediction of first-order solutions using exact
exchange factors and band transmissivities. For wall
reflectivities of 0.2 the MBL results overpredict the
exact (infinite order) solution but at the important
larger optical depths (z > 10) the overprediction is less
than 5%. At a wall reflectivity of 0.8 the MBL results
actually improve upon those obtained earlier [9] but
the results are still lower than the exact at large optical
depth by up to 10%,.

Results for cylindrical and spherical geometries at
first order show a much smaller difference between
MBL and exact exchange factor methods, differences
being a few percent for a reflectivity of0.2 and a fraction
of a percent at a reflectivity of 0.8.

Real enclosures will nearly always be more similar to
cylindrical or spherical geometries and consequently
the MBL approximation is not only justified but in
most situations is the only practical approach to
pursue. Of course, fundamental research will require
that exact band transmissivities be eventually deter-
mined for selected geometrical configurations.

Table 2. The percentage change in first-order flux predictions
for the planar two-zone enclosure due to the MBL

approximation
P
T 0.2 0.5 0.8

0.1 4.890 4432 3.063
0.2 6.911 5.827 3.141
0.5 9.233 6.859 2.518
1.0 9.669 6.723 2.346
20 8.572 6.050 2.791
5.0 6.316 4.843 3.108
10.0 5.101 4.081 2921
20.0 4273 3.507 2.656
50.0 3.517 2949 2.329
100.0 3.102 2.629 2.119
1000.0 2.228 1.928 1.613
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Reciprocity relations
Reciprocity relations play an important role in the
overall simplification of the evaluation of radiative
exchange factors whether they are simple shape factors
or the more complex functions defined in this paper.
The reciprocity equation for the band absorption
factor Say,; is easily deduced from equation (35) to be

A;Say; = A;Say; (39a)
or

(39b)

the first of which is clearly analogous to that for simple
shape factors.

In the case of the first-order band transmissivity
defined by equation (31) only the exchange of ¢t and j
makes any sense for reciprocity. For this case it
amounts to reversing the path of the radiation and one
obtains from equation (31)

F;Say;; = E;Say;

F,[Say; SO+ F; Say;] = Fj[Say;; S&+ Fi Sa, ] (40)
or
St SO+ E, Say;; = Say; SE) + F;Say,  (41)
from which it follows that
Sayu[F;—S] = Sy [ F—SP. (42)

Thisis basically an emission—absorption equivalence
relation which says that the effective emission from
surface j to surface i, which is then partially absorbed
between surfaces i and ¢, is equal to the effective
emission from surface ¢ to i which is then partially
absorbed between i and j, the emissive powers of surface
j and t being equal to one another. In retrospect, this
should be thermodynamicaily obvious but the
condition in this particular form for nongray-band
absorption/emission has not likely been stated before.
Indeed, it seems remote that equation (42) could have
been deduced directly from equilibrium thermo-
dynamics of nongray radiation. Equation (42) is also a
reciprocity relation which the above discussion might
have obscured. It suffices to say that the reversed path
band transmissivity function is obtainable from the
forward path band transmissivity in accord with
equation (42) or (40).

Equation (42) is a general nongray result which also
applies for the special case of gray-band absorption.
Gray-band results are not path dependent and,
therefore, the superscripts are redundant. Conse-
quently, for gray bands, one can rewrite equation (42)
in the form

Sa, Say;

= 43)
Ey—Sua Ej—Skij_

gray band

Since ¢t and j can be varied independently, each side
must be equal to a common constant. In fact, for a gray
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band, it is well known that [10]

Sty = Fy— Sy (44)
gray band
but it is important to note that in general
Sayy, # Fy— S (45)

nongray band

Nevertheless, equation (42) can be expressed in the
remarkable form
Sakn Er S;clz)t
Sakl_[ F;] S;ctl)j

(46)

One can also find a connection between higher-order
band transmissivities and their inverse. At second order
one finds

¢ .
Fmt[sakn S;,,)J S;cljt;l + Ei Sakij ng)m tt ij Sak}m]

= tm[Sakmj S;(’;‘l) Sl(gt'x”) + ij Saku Sku + ijF}i Sakir]' (47)

From this result and that for first order the form for
higher-order functions is clear. The recurrence relation
between a band transmissivity and its inverse may be
used to reduce computational evaluations by nearly a
factor of two.

Special simplifications

In a remarkable number of cases the asymptotic
forms of band absorption equations satisfy a power law
or alogarithmic variation with optical depth. Narrow-
band models such as those of Elsasser or Mayer-Goody
are often used when relatively high spectral resolution
is desirable. This is rarely necessary in heat transfer
problems of engineering concern but the narrow-band
models play an important role in the more global
expressions of total band absorption as discussed by
Edwards [7].

In the present context a considerable simplification
results in the evaluation of exchange factors and band
transmissivities for the particular mathematical forms
mentioned above.

The important mathematical/physical relations for
band absorption are linear, square-root and logarith-
mic [7]. Numerous publications, which are not
mentioned here, have considered factors such as Say
leading to the realization that the important effect of
power-law and logarithmic forms is that radiative
properties and geometric properties are separable for
this particular exchange factor. That is to say that
integrations required in the evaluation of exchange
factors are purely geometrical whenever power-law
and logarithmic band absorption functions are valid.

This fact carries over to the band transmissivities.
Whenever band parameters are appropriate to any of
these limits, band transmissivities of higher order than
the first are purely geometric functions. This can lead
to a significant reduction in solution time require-
ments if properly exploited. To fix these ideas, the
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reader should consider equations (36) and (37) for the
special cases: (1) A(x)=x; (2) A(x) = \/(4ﬁx)—ﬂ;
and (3) A(x) = Inx+c¢ while making use of the fact
that 7,;; = peoyLij/ .

APPLICATION OF PRINCIPLES

The foregoing nongray method is derived from
fundamental principles and the approximate pro-
cedure called the ‘closure method’ has a clear physical
interpretation which is independent of any particular
band model.

To illustrate the method in a reasonably realistic
context the three-zone enclosure consisting of a gas
zone, an adiabatic zone, and a heat transfer zone will be
considered. The easiest geometry is a cube. Simplicity in
other respects suggest one surface at constant
temperature and the rest as adiabatic. In a purely
arbitrary fashion, the constant surface temperature is
750 K. The gas phase consists of CO,/H,O/N, with
mole fractions of 0.15, 0.15, and 0.7, respectively. The
gas temperature is 1500 K and the total pressure is
1 atm. The objective is to find the heat flux at the con-
stant temperature surface. Practical considerations
dictate the use of the MBL approximation.

Optically thin beam lengths taken from Dunkle’s
paper [12] are used. Five bands are considered ; for
CO, the 15, 4.3, and 2.7 um and for H,O the 6.3 and
2.7 pm. The optical depths for the CO, bands range
from about 3 to 180 and all obey the overlapped line
logarithmic equation. The 6.3 yum H,O band is also
logarithmic at an optical depth of about 5.5 but is
nonoverlapped in structure (this is called the log-root
equation by Edwards [7]). The 2.7 yum H,O band is
square-root and has an optical depth of about 3.

First- and second-order solutions are considered.
Band radiosities of interest are R{}, R{Y, R{Y where
surface 1 is the planar heat transfer surface.

For this geometry all beam lengths are found to be
equal to the single value of 2L./3 where Lis the length of
one side of the cube (L = 2m). All of the band radiation
properties can be determined from Edwards’ work [ 7].
Knowledge of beam lengths and band radiation
properties is all that is needed to find exchange factors
and band transmissivities for any order of solution.

Analysis of this problem is greatly simplified by the
fact that all bands are either logarithmic or square-root.
This simplification is quite apart from the MBL
approach and would apply even if exact exchange
factors and band transmissivities were used. However,
use of the MBL approximation greatly simplified the
solution because the band transmissivities only depend
upon the subscripts through the ordinary shape factor
and superscripts are irrelevant for this geometry.

The present problem requires an iteration to find the
unknown temperature of the adiabatic zone.
Satisfactory convergence was found in about four tries
using an unsophisticated approach with a program-
mable calculator of modest capabilities. Both first- and

HMT 27:10-G

1767

second-order solutions were carried out without the aid
of a computer. Considerable algebraic effort was
required because first-order solutions required the
inversion of a 4 x 4 matrix and second-order solutions
involved an 8 x 8 matrix. However, the actual enclosure
considered did not require such large matrices because
of the planar surface assumption.

Table 3 presents results for p, = 0.2and p, = 0.5for
both first- and second-order solutions. Results are also
given for the black wall enclosure to fix a frame of
reference.

The mostimportant result of this example is the small
difference between the first- and second-order solutions
for the heat flux. This is consistent with earlier results
for a very simple two-zone problem [9] and suggests
that the error in the second-order solution is very likely
less than 19. The error referred to deals specifically
with nongray-absorption effects and is quite aside from
the discretization error of the zone method or of the
MBL approximation.

The ability to gauge the level of error at any order of
approximation by performing the next higher-order
solution is a particularly important feature of the
present method. The band model is completely
arbitrary and, in fact, different models can be used for
different bands. One can use narrow-band (quasi-
spectral) models or total-band models or, if desired, on.
could mix these in any convenient way. Since band
absorption properties are used directly, there is no need
to perform calculations of total radiation properties
such as emissivity and absorptivity and, subsequently,
curve-fitting such results to conform to a gray-band
model. The present method uses direct, band-exchange
factors exclusively and, as a consequence of the
constant-property assumption, these are independent
of the actual temperaturcs within the enclosure.
Exchange factors which account for the effects of all
bands are necessarily temperature dependent, even for
constant radiation properties, and should be avoided
for that reason alone.

It has been realized for some time that total-radiation
properties alone might be inadequate for radiative
transfer analysis and that one should preserve spectral
information at least at the level of total-band
absorption. The present method is a completely
satisfactory approach to the theoretical problem of
incorporating band radiation models into arbitrary,
diffuse-walled enclosure analysis. At first exposure, it

Table 3. Heat transfer resuits for a three-zone enclosure
containing an isothermal gas

Adiabatic
wall
Wall Solution Heat flux  temperature
reflectivity method Wm™? (K)
Py = 0.2} First order —1.269%10° T, = 1298
p, =05) Second order —1291x 10° 1302.5
p1=p>=0 — —1.712x 10° 1309.7
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might appear somewhat complex butinfactitis simpler
than other, less exact, alternative methods and has
unique advantages. Its greatest strength lies in the fact
that it is derived from fundamental principles with the
least number of physical assumptions presently
accepted (band models) and that the assumption
leading to the closure method has a clear physical
interpretation.

CONCLUDING REMARKS

Thereis, and has been for some time, aclear need fora
rigorous treatment of nongray radiative transfer within
diffuse-walled but otherwise arbitrary enclosures. The
generally accepted and well-known method of Hottel
has always been suspect because of its gray-band
foundations. Although it is natural to extend a well-
understood method to more complex situations, it has
been found in a number of independent studies that the
nongray behavior of molecular gases is difficult, if not
impossible, to describe by gray-band models.

The motivation for using gray-band models has
largely disappeared over the past 20 years. Band-
radiation properties are now reasonably well
understood and it is common to use this knowledge to
compute total-radiation properties required by the
gray-band models. It seems reasonable to bypass this
tedious procedure altogether and use band-radiation
properties directly in the analytical method.

The method developed in this paper has a number of
attractive features but does, in some respects, appear
somewhat complicated. At the same time it displays
certain remarkable simplifications when applied to
molecular gas band radiation which might very well
prove it to be simpler to apply in practical situations
than the gray-band alternative.

At the very least, the method can be used to test other
procedures because of its fundamental foundations.
Its generalization to nonisothermal gases is straight-
forward and will be reported in the future.
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APPENDIX

Equation (1) applies only to an enclosure which contains an
isothermal gas and does not follow directly from a simple
inspection of results from ref. [9]. The derivation follows.

From ref. [9] the gas cooling rate for a single gas zone (g) is

K

Q¥ =V Z 4p
1

k=

N
Gl B T) — ﬁi’?]
i=1

K N
= Z Z wkl‘TiSQkig[Ekb(E)‘Rﬁj

k=1 1i=1

which follows from equation (21) of ref. [9]. The definition of
R® from ref. [9] can be written as

wkSgkigR;zgi) = J ngingi dv

Avik

in which Sg,;; = (sgg/A; and 4p,a,V Gsig; = w0, AiSyys, have

N
ngig = Z Sa,;,
=1

one can write

N N
wkSgning‘gi) = Z Sa,R,; dv = Z @y Say, R;fi)

t=1 JAvk t=1

which leads directly to equation (1) of the text by using in
addition

N
Sqig = Z Say,.
=1

This result applies only for an isothermal gas zone.

It was mentioned in the text that the coefficients for the
three-zone enclosure satisfied a symmetry condition which
made it possible to find eight values by listing only four of
them. Since the problem in question only involves two
surfaces, the rule is simply an exchange of indices, thatisall 1’s
are replaced by 2’s and vice versa. The four coefficients are
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arbitrarily given as (12 = {[1-p28320 00,832 [1—p, S T+ 0101 SEL 83
it = {1-p258, — 0 SBLp2SH1 [1-2835] +028a 01817201 —p 1S 1+ 010,80, 83,1} D!
+020253:55 where
+p18412 (2 S [1— 0283, D =[1-p, 8111 —p,SE,
+p2p: 583 11D —p2SE [1—-p281323{[1 - p,: S )0 S22 + P1P1ST1S1E:
w2 = {01502 [1— 028351+ p 102125} D! —P2P2 S S5 {1 - p1SiV1 10188 + 010,831 8K,

i = {01S@1 1028851+ 1 -0, S0, 101928351307 and one should not exchange indices in this relation.

RADIATION PAR BANDES DES GAZ ISOTHERMES DANS DES ENCEINTES
A PAROI DIFFUSE

Résumé—On présente une méthode d’obtention de solutions trés précises des équations du transfert
radiatif, intégrées sur le spectre, pour des enceintes quelconques qui contiennent un gaz isotherme. La
procédure est assez générale pour étre appliquée 4 un spectre d’absorption—émission non gris quelconque mais
il est particuliérement approprié pour le rayonnement par bandes de gaz moléculaires. Cela constitue une
alternative raisonnée aux procédures de bandes grises on de gaz gris actuellement existantes.

BANDSTRAHLUNG ISOTHERMER GASE INNERHALB VON HOHLRAUMEN MIT
DIFFUSEN WANDEN

Zusammenfassung—In dieser Arbeit wird eine Methode zur Gewinnung sehr genauer Niiherungsldsungen
der spektral integrierten, zonalen Strahlungstransportgleichungen fiir beliebige Hohlrdume, die ein nicht
graues, isothermes Gas enthalten, entwickelt. Das Verfahren ist ausreichend allgemein, um auf jedes
nichtgraue Absorptions-Emissionsspektrum angewendet werden zu konnen, ist aber besonders fiir die
Bandstrahlung molekularer Gase geeignet. Es stelit eine fundamental begriindete Alternative zu den
gegenwirtig verfiigbaren Prozeduren zur Berechnung der grauen Band- bzw. Gasstrahlung dar.

U3NTYYEHHUE B MOJOCAX U3OTEPMHUUYECKUX FA30B B IOJIOCTAX C
AA®PY3IHBIMU CTEHKAMH

Annorams—IIpenioxeH METON MOMYHECHHS [OBOJNBHO TOMHBIX MPUGTIKEHHBIX DElLiEHHH YpaBHEHHIl

MHTErPaIbHOrO MO CHEKTPY 30HHOTO JIYYMCTOTO NEPEHOCa B MOJOCTSX NPOM3BONLHOH (DOpPMBI,

COAEPXaLUHX HECEPhId M30TEPMHYECKHH ra3. MeToaMKa sBISETCA MOCTATOYHO OOHICH M MOXeT

MCMOJIL30BAaTLCA LIS aHauM3a aGcopOLMOHHO-IMHCCHOHHOIO CreKTpa Mobol Hecepoit cpembl, HO

60IbLIE BCETO NOJXOAUT UIA PEIUEHHS 33734 HIJIYYEHH B 1I0JIOCAX MOJIEKYIAPHBIX ra30B. OHa npen-

cTaBiAeT co60i (yHIaMEHTaNbHO OGOCHOBAHHBIA BAPHAHT CYIUECTBYIOLUMX METONOB CEPBIX M0JIOC
WM CEPOro rasa.



